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Abstract
We solve the dynamics of magma ascent and the kinetics of bubble nucleation and growth simultaneously, which allow us to
predict bubble sizes and number densities under ascent conditions. As magma rises toward the surface, the pressure decreases
and eventually becomes less than the solubility pressure. When the degree of supersaturation becomes great enough, bubbles
nucleate. Nucleation will stop as the concentration of volatiles in the melt decreases due to growth of existing bubbles and hence
the degree of supersaturation decreases. We show that a second nucleation event may occur just below the fragmentation level.
Near that level, the degree of supersaturation continuously increases as the magma is rapidly decompressed. As a result,
nucleation will not stop until fragmentation occurs. This second nucleation event should be taken into account when interpreting
bubble size distribution measurements made on natural pumices. The bubbles of the second nucleation event have high internal
gas pressures up to 2 MPa greater than the liquid pressure, suggesting that the second nucleation event may enhance
fragmentation of magma. We apply the model to the calculation protocol defined at the bVolcanic eruption mechanism modeling
workshop, Durham, 2002Q. We found that as a result of disequilibrium degassing fragmentation occurs higher in the conduit
than under equilibrium degassing.
D 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Eruptions involving a viscous magma are the most
destructive and unpredictable volcanic events. These
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eruptions are explosive or effusive, mainly depending
on the behavior of the gas phase within the magma.
During ascent from the chamber to the surface,
pressure decreases and the volatiles dissolved at depth
exsolve to form gas bubbles. The flow regime is
laminar until the gas volume fraction becomes high,
and then the magma fragments and the flow becomes
turbulent. This level is called the fragmentation level.
The occurrence of fragmentation determines whether
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the eruption is explosive or effusive. Previous
numerical models already investigated a wide range
of processes occurring within the conduit and involving the gas phase (Toramaru, 1989; Wilson et al.,
1980; Jaupart and Allègre, 1991; Massol et al., 2001;
Melnik, 2000; Papale, 2001; Mastin, 2002).
In order to better understand important features of
volcanic eruptions such as change in eruptive style
or the interpretation of geophysical measurements, it
is necessary to couple magma flow with more
microscopic processes occurring during magma
ascent, such as nucleation of bubbles and crystals
or the mechanism of fragmentation. The dynamics of
bubble growth, such as the evolution of gas volume
fraction, bubble size distribution, and gas overpressure before and after fragmentation have been
widely studied from this point of view (Sparks,
1978; Navon et al., 1998; Proussevitch and Sahagian, 1996; Thomas et al., 1994; Kaminski and
Jaupart, 1997). Sparks first showed in his pioneering
work (Sparks, 1978) that gas overpressure can be
built inside bubbles during ascent of highly viscous
magmas (Wilson et al., 1980), and this idea has been
supported by recent experimental and theoretical
studies on bubble growth (Navon et al., 1998;
Proussevitch and Sahagian, 1996; Gardner et al.,
1999; Mourtada-Bonnefoi and Laporte, 2002).
Nucleation of bubble is another key process which
controls the behavior of the gas phase in conduits
(Toramaru, 1989). Whether and how deep in the
conduit nucleation occurs control the vesiculation
dynamics, and hence influence the explosivity of an
eruption (Mangan et al., 2004). Two end-members of
nucleation exist at present; those are homogeneous
nucleation that requires high volatiles supersaturation
in the melt and heterogeneous nucleation on crystals
or any solid surface that requires less supersaturation.
It has also been suggested that some molecular scale
heterogeneities or region in melts with crystal-like
structure may aid heterogeneous nucleation. Recent
publications (Mourtada-Bonnefoi and Laporte, 2002)
pointed out that in the case of homogeneous
nucleation in rhyolitic magmas, no nucleation occurs
even for melts containing up to 4 wt.% water,
suggesting that wide variations in the degree of
disequilibrium degassing may contribute to the
observed diversity of the eruption dynamics. In this
study we focus on the interplay between (1)

nucleation and growth of bubbles and (2) decompression due to magma ascent. We model the ascent
dynamics of a viscous magma by solving simultaneously bubble nucleation and growth together with
magma flow submitted to given boundary conditions
at the bottom and top of the conduit. Such an
approach allows us to assess whether degassing
occurs at equilibrium and the effects on bubble
pressures and ascent dynamics in general. Furthermore, because bubble growth is explicitly taken into
account, bubble size is calculated as an output of the
model.
In the following sections, we first describe the
theory and the calculation method. Next, we show
results and differences from the chemical equilibrium
case. The effects of homogeneous or heterogeneous
nucleation are investigated by varying effective surface tension in the calculations. The effects of
nucleation and growth of bubbles on the process of
fragmentation are studied by applying the different
criteria available at present (i.e. critical gas volume
fraction, critical strain rate (Papale, 1999), and stress
around bubble (Zhang, 1999)) to our model. Finally
we briefly discuss some geological implications,
particularly from the viewpoint of resultant bubble
size distribution.
The aim of this paper is not to reproduce exactly a
true eruption but rather to understand: (1) what are the
differences introduced by a non-equilibrium degassing in terms of magma ascent dynamics and the
implications for eruptive processes, and (2) to predict,
to a first order, bubble-size distributions that can be
measured on natural eruptive products (i.e. pumices).

2. Governing equations
Magma ascends from the top of the magma
chamber to the surface driven by the pressure difference between the chamber and the surface. During
ascent, pressure decreases and the volatiles dissolved
at depth exsolve to form gas bubbles. We calculate the
dynamics of one-dimensional steady flow of the gas–
liquid mixture through a cylindrical conduit of
constant radius between the magma chamber and the
surface and simultaneously the decrease in dissolved
water and change of viscosity in the melt with
nucleation and bubble growth at each step.
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2.1. Macroscopic dynamics
In this study, we adopt the simplest model for the
flow of gas–liquid mixture (e.g. Wilson et al., 1980);
at first, the mixture consists of continuous liquid
phase with gas bubbles (bubbly flow), and then the
magma fragments to form a mixture of continuous gas
phase containing liquid magma fragments (gas–
pyroclast flow). The flow regime is laminar in the
bubbly flow and turbulent in the gas–pyroclast flow.
We assume the same velocity for the gas and liquid
phases; the mixture is considered to be compressible
and homogeneous moving at vertical velocity w. The
vertical position z varies from zero at the top of the
chamber to H, the height of the conduit. Our model is
one-dimensional, where radial pressure and velocity
do not vary across the conduit.
By averaging the mass and momentum conservation in both the liquid and gas phases and by adding
the contribution of each phase, we obtain respectively:
dðqwÞ
¼ 0;
dz

ð1Þ

and
qw

dw
dPm
¼ 
 qg  Ffric ;
dz
dz

ð2Þ

where q is the magma density, P m is the mean
pressure of the magma (gas–liquid mixture), and g is
gravitational acceleration. Here F fric is the force due to
wall friction. Before fragmentation, F fric is given as
Ffric ¼

8lQ
;
qpa4

ð3Þ

where l is the magma (bubble+liquid) viscosity, Q is
the mass flux of the eruption, and a the conduit radius
(Wilson et al., 1980, e.g.). After fragmentation, F fric
becomes:
Ffric ¼

f
qw2 ;
4a

ð4Þ

where f is the coefficient related to conduit roughness,
typically taken to equal 0.01 (Wilson et al., 1980).
As will be described below, the gas pressure
inside the bubbles P g is greater than the melt
pressure P l (i.e. pressure in the liquid phase) because
of viscous resistance against bubble growth and
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surface tension (Sparks, 1978). The mean pressure in
Eq. (2) is given as


2r
ð5Þ
Pm ¼ ð1  eÞPl þ e Pg 
R
where e is the gas volume fraction within the magma,
r the surface tension coefficient and R the bubble
radius. Difference between this formulation and a one
phase model formulation has been developed by
Prud’homme and Bird (Prud’homme and Bird,
1978) and is given in Appendix A.
During ascent, the gas phase expands and the
density decreases according to:
q ¼ ð1  eÞql þ eqg ;

ð6Þ

where q l is the liquid density (2400 kg/m3) and q g is
the gas density. In this paper we assume that the gas
phase behaves as an ideal gas, namely,
Pg
¼ Rg T ;
qg

ð7Þ

where R g is the gas constant (462 J kg1 K1 for H2O
gas). It is also assumed that the temperature change
due to expansion is negligible because of the large
heat capacity of the liquid magma; T is set at 1123 K
in our calculations.
2.2. Nucleation and growth of gas bubbles in magmas
As a magma rises, the pressure of the magma
decreases and becomes less than the solubility
pressure of water. When the degree of supersaturation
becomes large enough, bubbles nucleate. Bubbles
grow in the magmas during ascent because of
diffusion of the water molecules dissolved in the melt
and because of decompression. Generally, the gas
pressure is not equal to the liquid pressure in the
magma. Furthermore, if chemical equilibrium is not
attained, the concentration of volatile species in the
melt is not equal to the concentration at the bubble–
melt interface (Proussevitch et al., 1993a). All these
processes are taken into account in the bubbly flow
regime by applying the cell model (cf. Proussevitch et
al., 1993a; Melnik, 2000). The bubbly magma is
approximated by an aggregate of bubble cells, with
each bubble being surrounded by a concentric shell of
incompressible melt. After fragmentation, we neglect

72

H. Massol, T. Koyaguchi / Journal of Volcanology and Geothermal Research 143 (2005) 69–88

further individual bubble expansion and further water
exsolution.
Fig. 1 summarizes the relationship between the
pressure and the concentration of water during the
processes of nucleation and growth of bubbles for one
given pressure condition during ascent. The solubility
curve of water in a magma is expressed as (Burnham,
1979).
C ¼ sP1=2 ;

ð8Þ

where C and P represent the mass fraction of
dissolved water in the liquid phase and the pressure,
respectively, and s is the saturation constant
(4.11106 Pa1/2 for silicic magmas).
Let us consider a liquid magma at a pressure P l
which contains an amount of dissolved water C m (A 4
in Fig. 1). It is useful to introduce two points on the
solubility curve; those are A 1 = (C m, P s) and A 2 = (C s,
P l). At the stage of nucleation, point A 4 = (C m, P l)
deviates from the solubility curve because a certain
amount of supersaturation is needed for nucleation to
occur. At that stage, the relationship between the
water concentration in the liquid and the gas pressure
within the newly nucleated bubble (defined as P g*
hereafter) is represented by position A 1 (i.e. P g* = P s ).

Pl
A1 (Cm, Ps or Pg*)
A2 (Cs, Pl)
A3 (Ci, Pg)
A4 (Cm, Pl)

The nucleation rate is controlled by the degree of
supersaturation, that is, the distance between A 4 and
A 1.
When a bubble is growing, the relationship
between water concentration in the liquid and the
gas pressure at the bubble–liquid interface is represented by position A 3 = (C i, P g) on the solubility curve
between A 1 and A 2. The two main driving forces for
bubble growth are expressed by the relationship
between the position of A 3 and A 4. One driving effect
is diffusion that advects volatiles toward the bubble
due to the concentration difference C mC i. It is
represented in Fig. 1 by horizontal lines. The other
effect contributing to bubble growth is expansion due
to the outer pressure decrease. This effect is represented by vertical lines P g–P l in Fig. 1. These two
effects (diffusion and expansion) are not independent
as P g evolves due to diffusion of volatiles toward the
gas bubble. The interplay of the two processes during
evolving ascent conditions (decreasing pressure)
determines the position of A 3.
Strictly speaking, the solubility curve represents an
equilibrium relationship under the condition where the
gas pressure is equal to the liquid pressure. Therefore,
the position of (C i, P g) may slightly deviate from the
solubility curve because of the difference between the
gas and liquid pressures. When the pressure difference
between liquid and gas is rigorously taken into
account, the water concentration in the liquid at the
bubble–liquid interface is given by
" 
#
vm Pg  Pl
Ci ¼ Ceq exp
ð9Þ
2kT
where C eq is the equilibrium water concentration at
P = P g (i.e. the point exactly on the solubility curve),
v m the volume occupied by one molecule of water in
the liquid (31029 m3) and k is the Boltzman
constant (1.381023 J K1) (Toramaru, 1989, 1995).
Because of the small value of the volume of water
molecule in the liquid, the difference between C i and
C eq is negligible.

A1
A3
Expansion
A2
A4
Diffusion

Cm

Fig. 1. (a) Schematic view of the processes of bubble growth. Below
the solubility curve the dot represents one potential position of the
magma during ascent on the (C m, P l) plot. When A 3(C i, P g) is near
A 1, expansion is the dominant mechanism, when A 3(C i, P g) is near
A 2, diffusion is the main mechanism.

2.2.1. Nucleation of gas bubbles
Bubbles can nucleate when the melt becomes
supersaturated in volatiles. The nucleation rate is
defined by the number of nuclei of critical sizes per
unit volume per unit time. Hurwitz and Navon, 1994
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modified the classical nucleation theory (Hirth et al.,
1970) for nucleation of water in magmas to give,
2n2 vm D  r 1=2
DF 4
J¼ 0
exp 
;
ð10Þ
a0
kT
kT
where DF* is the free energy of formation of the
nucleus, J is the nucleation rate, a 0 is the mean
distance between two water molecules in the liquid, n 0
the concentration of volatiles molecules in the liquid
and D is the diffusion coefficient. Toramaru (Toramaru, 1989, 1995) gave another expression of the
nucleation rate based on the same basic theory; with a
few developments, we find that both Eq. (10) and that
of Toramaru give similar results of J. In this paper, we
use Eq. (10).
In order to determine the nucleation rate J, we must
evaluate DF*. The minimum work of formation of a
gas nucleus is equal to the variation of the Helmholtz
free energy during the transition of a system containing
only a melt phase to a system with a fluid nucleus
within the melt. The variation of free energy of the
system before and after the formation of the gas bubble
is (see (Hirth et al., 1970; Mourtada-Bonnefoi, 1998)):




DF ¼  Pg4  Pl Vg þ lwg  lwl Nwg þ rA;
ð11Þ
where l wg and l wl are the chemical potentials of water
in the fluid and in the melt, respectively, and V g, A, and
N wg are the volume, surface area, and number of
molecules in the nucleus, respectively. The work of
formation is composed of three terms. The first is the
energy needed for vaporization and is negative as the
pressure in the nucleus is greater than the pressure in
the melt (i.e. P g* N P l). The second term is the energy
due to supersaturation, and it is zero because it is
assumed that the chemical potentials are equal in the
melt and in the nucleus at equilibrium during nucleation (i.e. l wg = l wl). The third term is positive because it
corresponds to the needed energy to create an interface.
This function bwork of formationQ has a maximum for a
critical radius of bubbles after which the energy needed
for the formation decreases. The critical radius is
obtained for, B(DF)/BR = 0, and hence,
2r
Rc ¼ 4
;
ð12Þ
Pg  Pl
bubbles greater than this critical radius can grow.
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The free energy of formation of a nucleus DF*
depends on whether nucleation is homogeneous or
heterogeneous. In the case of homogeneous nucleation, substituting Eq. (12) into Eq. (11), the free
energy of formation is:
16pr3
ð13Þ
DF 4 ¼ 
2 :
3 Pg4  Pl
Heterogeneous nucleation of bubbles in magma is
defined as the development of a gas phase at the
contact with a solid phase (crystal or conduit walls for
instance). It requires less supersaturation than homogeneous nucleation. The value of the work of bubble
formation depends on the geometry of the solid
surface where the gaseous nucleus appears. In the
case of a plane interface and a spherical nucleus, the
mechanical equilibrium gives the following relation
(Fig. 2) (Landau and Lifshitz, 1958):
rgs ¼ rls þ rgl cosh:

ð14Þ

The work of formation of a nucleus of critical size
on a solid surface is:
16pr3gl
DF 4 ¼ 
ð15Þ
2 W;
3 Pg4  Pl
with
W¼

ð1 þ coshÞ2 ð2  coshÞ
:
4

ð16Þ

If the liquid is highly wettable on the solid, the
angle h goes to 1808 and W goes to 0. Hence, no extra
energy (super saturation) is needed for nucleation.
Such a crystal favors nucleation, and vice versa. In
this study we take the effect of heterogeneous
nucleation by changing effective surface tension (i.e.
r glW 1/3 in Eq. (15)).

σgl
Gas

σgs

Crystal

θ

Liquid
σls

Fig. 2. Heterogeneous nucleation of a bubble on a plane liquid–solid
interface (after Navon and Lyakhovsky, 1998). Coefficient r gl, r gs
and r ls are respectively the gas–melt, the gas–solid and the liquid–
solid interfacial surface tension. Angle h is the wetting angle.
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Knowing the nucleation rate, we calculate the
evolution of the number of bubbles during ascent.
The number of bubbles M 0 evolves as:
dM0
J
¼ ;
w
dz

ð17Þ

w being the ascent velocity (Toramaru, 1995).
2.2.2. Bubble growth
Before fragmentation, the magma is modeled as a
mixture composed of bubbles surrounded by a liquid
shell. We assume that once nucleation occurs the
bubbles are equally spaced in the liquid phase. As was
mentioned above, there are two main driving forces
for bubble growth. One driving effect is diffusion that
advects volatiles toward the bubble due to the
concentration difference between C m the dissolved
water content in the liquid and C i the dissolved water
concentration at the bubble–liquid interface. The
present model does not take into account the detailed
profiles of diffusivity coefficient or viscosity around
the bubbles within the shells. The number of volatile
molecules in a bubble, N b, increases with the diffusional flux to the bubble. If the Peclet number Peb1
then a steady profile of water content is achieved with
C m being a representative dissolved water content in
the melt and not a water content at a specific position
within the liquid shell. The volatile flux from the melt
toward the bubble is then a first order approximation
and we suppose that:


dNb
4pRD Cm  Ci
¼
;
ð18Þ
w
dz
1  e1=3
with C m being dissolved water concentration in the
melt, C i the dissolved water concentration at the
bubble–liquid interface, R the bubble radius and e the
gas volume fraction. The factor 1e1/3 in the above
equation comes from the boundary condition C = C m
at the boundary of the bbubble cellQ (see Proussevitch
et al., 1993a for the details of the bbubble cellQ
model). The melt volatile concentration decreases
because of advection of volatile molecules toward the
gas bubbles as (Toramaru, 1995):
dCm
dNb
dM0
¼  M0
 Nb
:
dz
dz
dz

ð19Þ

The Peclet number might become equal or greater
than one if ascent is fast near the fragmentation level.

We will nevertheless make the above approximation
keeping in mind that at greater Peclet numbers the
melt will become more oversaturated than predicted
by our model.
The other effect contributing to bubble growth is
expansion due to the outer pressure decrease ( P g–P l
in Fig. 1). The expansion of the bubble in a viscous
liquid is governed by the Rayleigh–Plesset equation
(Plesset and Prosperetti, 1977),
 2r
dR
R 
¼
Pg  Pl 
;
ð20Þ
dz
4ll w
R
where l l is the viscosity of the surrounding melt. The
surrounding melt viscosity is determined experimentally by Hess and Dingwell (Hess and Dingwell,
1996) as a function of dissolved water content. The
gas pressure is a function of the number of molecules
in the bubble and for an ideal gas is equal to:
Pg ¼

Nb kT
:
ð4=3ÞpR3

ð21Þ

This equation is equivalent to Eq. (7). The gas
volume fraction in the melt, e, can be determined from
M 0 and R by,
e¼

M0 ð4=3ÞpR3
:
1 þ M0 ð4=3ÞpR3

ð22Þ

We do not know a priori if only one nucleation
event occurs during ascent. If a decrease in nucleation
rate is followed by an increase, we consider that a new
population of bubble appears. For each of the
populations, the radii of the new bubbles are averaged
with the radius of the already growing bubbles. For
different populations, we integrate different sets of
bubble growth equations. In this case, the melt volatile
concentration evolves as:
X
X
dCm
dN bi
dM0i
¼ 

;
ð23Þ
M0i
Nbi
dz
dz
dz
i
i
where the subscript i defines each bubble population.
There are different gas pressures for each bubble
population and the mean pressure is:

X 
2r
Pm ¼ ð1  eÞPl þ
ei Pgi 
;
ð24Þ
Ri
 i

P
P
where ei ¼ Vgi = 1þ Vgi ; e¼ ei and Vg being
i
i
the gas volume.
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2.3. Fragmentation criterion
The level of fragmentation is where the flow of
magma undergoes a transition from a laminar flow of
viscous bubbly liquid to a turbulent flow of gas
carrying liquid fragments. One of the first hypotheses
to explain the process of fragmentation was that the
foam is not stable above a critical gas volume fraction
which represents the close packing limit of spheres
inside a liquid (Sparks, 1978). The condition of
magma fragmentation is then given by:
e Necrit ;

ð25Þ

where ecrit is the critical gas fraction and it is
representatively 0.75 (Proussevitch et al., 1993b). On
the other hand, recently, several other hypotheses are
put forward to explain the fragmentation of magma.
These hypotheses are based on the fracture mechanics;
namely, whether magma fragments is determined by
whether stress or strain rate around bubbles exceeds a
critical value (Papale, 1999; Zhang, 1999). In this
study we adopt two more criteria as follows.
Papale (Papale, 1999) proposes a strain rate
criterion based on whether the magma crosses the
brittle–ductile transition and behaves like a solid. The
transition between the ductile and brittle behavior of
the magma is given by the Maxwell relation (Maxwell, 1867; Papale, 1999):
dw
Gl
Nj
dz
l

ð26Þ

where G l is the elastic modulus at infinite frequency.
Coefficient j is determined experimentally (Dingwell
and Webb, 1989; Webb and Dingwell, 1990) and its
value is 0.01. The elastic modulus is found to be in the
range of 2.5–30 GPa (Papale, 1999). The magma will
break when the stress cannot be dissipated by viscous
flow.
Zhang (Zhang, 1999) proposes a brittle-breakage
based criterion; magma fragments when the stress
around bubbles exceeds the tensile strength of the
magma. The condition of magma fragmentation for
this criterion is given by


2r
1 þ 2e
stt ¼ Pg 
 Pm
 Pm NS;
ð27Þ
R
2ð 1  e Þ
where s tt is the tangential stress around the bubble and
S is the tensile strength of the magma. Experimentally,
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Webb and Dingwell (1990) and Romano et al. (1996)
find strength values of order of 4 MPa for waterbearing silicate glass.
We first investigate the effects of non-equilibrium
degassing compared with equilibrium degassing. In
order to do so, we use the simple bgas volume
threshold criterionQ (Eq. (25)) and study the other
important parameters influencing nucleation. Then,
we investigate the differences in flow variables
introducing the criteria of Papale (Papale, 1999) (Eq.
(26)) and Zhang (Zhang, 1999) (Eq. (27)).
2.4. Model setup
The above equations (Eqs. (1), (2) and (23)) are
integrated using a 4th order Runge–Kutta, finitedifference scheme as well as equations (Eqs. (17),
Table 1
Table of input parameters
Figure number

Q
(kg s1)

3 (non-eq.), 5, 7
8106
3 (eq.)
4.7106
5, 9b, 10
5.35105
5, 9a
8.45107
5
1.72108
–
2.4108
–
3.15108
–
4.2108
–
1.3109
6
2.6107
–
2.7107
–
3.2107
–
4.6107
–
1.45108
4, 6, 11
1.85108
6
2108
7, 8
1.1107
–
6.8106
8
8.4107
–
1.6108
–
3.9108
–
1.2109
–
8.3107
–
1.7108
–
4.2108
–
1.3109

r
a (m) Fragmentation
(N m1)
criterion
0.06
–
0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.02
0.03
0.04
0.05
0.07
0.075
0.08
0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.06

25
25
10
50
60
65
70
75
100
50
50
50
50
50
50
50
25
25
50
60
75
100
50
60
75
100

75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
75%
bZhang criterionQ
bPapale criterionQ
bZhang criterionQ
bZhang criterionQ
bZhang criterionQ
bZhang criterionQ
bPapale criterionQ
bPapale criterionQ
bPapale criterionQ
bPapale criterionQ

In all calculations, H = 5000 m, l 0 = 5.8104 Pa s, x 0 = 4 wt.%,
DP = 10 MPa, D = 1011 m2 s1. Note that if r = 0.02 N m1 for a
homogeneous nucleation corresponds to a value of W = 8103 in the
case of heterogeneous nucleation appropriate to a very wetting fluid.
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3.1. General features
We solve the above system of equations and
evaluate the effects of non-equilibrium degassing
assuming steady state conditions. Fig. 3 shows
representative results for a rhyolitic magma of initial
viscosity of 5.9104 Pa s, containing 4 wt.% of initial
dissolved water. In this example, the surface tension
Fig. 3. (a) Evolution of mean pressure with height in the conduit.
Mean pressure profile is compared with the pressure profile in the
case of exsolution following the solubility curve, without nucleation, for the same magma (full stroke: non-equilibrium degassing,
dashed stroke: equilibrium degassing). Note that fragmentation
occurs higher in the conduit for non-equilibrium degassing. (b)
Evolution of number density of bubbles (full stroke) and nucleation
rate (dashed stroke) with height. Bubbles nucleate high in the
conduit. Note that nucleation rate is almost a Dirac in that case. (c)
Enlargement of the evolution of the nucleation rate with height
near the fragmentation level. Note that it increases just before
fragmentation. This increase is not visible in figure (b) because of a
much lower order of magnitude of the second nucleation event
compared to the first peak in this particular case. In this example
fragmentation height is 4820 m. Parameters used in the calculation
are listed in Table 1.

MEAN PRESSURE (MPa)

(a)

140
120
100
80
60
40
20
0
0

1000

2000

3000

4000

5000

(b)

(c)

12

16
14

10

12
8

10
8

6

6

4

4
2
2
0
0

1000

2000

3000

4000

0
5000

4
3.5
3
2.5
2
1.5
1
0.5
0
4700

4750

4800

HEIGHT (m)

4850

NUCLEATION RATE ( 107 m-3 s-1)

3. Results

coefficient is set at 0.06 N m1 (for the other
parameters used see Table 1). It clearly shows that
fragmentation takes place at a shallower level of the
conduit than in the equilibrium exsolution case. In this
example, there is more than 500 m difference for the

NUMBER DENSITY OF BUBBLES (109 m-3)

(18), and (20)) for the two populations of bubbles.
The boundary conditions are: P(0) = P lith+DP and
P(H) = Patm or w(H) = wchock where wchock = (dq/dp)1/2,
DP the overpressure in the magma chamber and H the
conduit height. Lithostatic pressure ( P lith = q sgH) is
calculated assuming that the density of the country
rock q s is 2400 kg/m3. We calculate the main
variables: w, P m, M 01, M 02, N b1, N b2, R 1, R 2 and
C m by a Runge–Kutta scheme, then, e is derived from
Eq. (22); P g1 and P g2 are derived from Eq. (21) and
finally P l is deduced from Eq. (5). One can find in
Appendix A a comparison between the different
pressures when one uses a homogeneous compressible phase or a two-phase model. In this paper we use
the two-phase model described in the previous
sections.
To capture the nucleation process accurately, we
need a fine grid of 103 m size increment over the
conduit height. We checked that the results do not
change below this resolution. The parameters used in
the calculations are listed in Table 1.

NUCLEATION RATE (102 m-3 s-1)

76
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Fig. 5 shows the number density of nucleated
bubbles at fragmentation level, the bubble overpressure and the fragmentation height, as a function
of the mass flux of the eruption for the same
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3.2. Influence of mass flux

(a)

MEAN PRESSURE (MPa)

fragmentation height between the equilibrium and
non-equilibrium cases. Indeed, for non-equilibrium
degassing, the melt has to become sufficiently supersaturated in volatiles in order for bubbles to nucleate
so that bubbles start to grow at lower pressure near the
surface (see Fig. 3).
In this example, nucleation rate shows a very
sharp peak function like a Dirac d function (see Fig.
3b); a remarkable nucleation event occurs once and
stops soon as the concentration of volatile in the melt
decreases due to growth of existing bubbles. This
behavior is consistent with the predictions by
Toramaru (Toramaru, 1989). The present result,
however, differs from previous studies on the basis
of models with constant decompression rate; the
nucleation rate increases again slightly just before
fragmentation, although its magnitude is much lower
than the first nucleation event (see Fig. 3c). Under
certain conditions this nucleation event near the
fragmentation level is more remarkable and shows
another distinct peak of the nucleation rate (Fig. 4a
and b). We call this nucleation event near the
fragmentation level as second nucleation event hereafter. The second nucleation event has not been
reported by any previous modelling studies on
bubble nucleation and growth (Navon et al., 1998;
Toramaru, 1995), and it is considered that this event
is one of the most important consequences of the
interplay between the dynamics of magma ascent
and the kinetics of bubble nucleation and growth.
However, continuous nucleation was thought as an
explanation for bubble size distribution measured on
pumices (Blower et al., 2001). In a following
section, we present an example of the obtained size
distribution obtained as an output of our calculation.
The magnitude and timing of the second nucleation
event as well as the first nucleation event should
depend on geological parameters, such as conduit
geometry (radius) and physical properties of magma
(e.g. surface tension). In the following sections, we
investigate the influence of these two parameters.

77

0
5000

HEIGHT (m)

Fig. 4. (a) Evolution of the number of bubbles (full stroke: first
population, dashed stroke: second population) and mean pressure
(bold full stroke) with height in the conduit. Note that the second
nucleation occurs again just before the fragmentation level.
Parameters used in this calculation are listed in Table 1. (b)
Evolution of the mean pressure (full stroke) and nucleation rate
(dashed stroke) as a function of height in the conduit during ascent.
Note the second nucleation peak that may trigger the fragmentation.
Parameters for this calculation are listed in Table 1.

rhyolitic magma. In these calculations, mass flux
increases, as conduit radius increases which
decreases the friction term and promotes an increase
in the ascent velocity. In turn, for a higher mass flux,
the ambient pressure decreases a greater amount
during a given time interval (i.e. decompression
rate).
The results show that the number density of
bubbles generated by the first nucleation (we call this
bthe first populationQ hereafter) increases as the mass
flux increases (Fig. 5a). This tendency can be
explained by the fact that the degree of supersatura-
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Fig. 5. (a) Bubble number density and (b) gas overpressure (full stroke: first population, dashed stroke: second population) as a function of mass
flux of the eruption. (c) Fragmentation height (full stroke) and nucleation height (dashed stroke) as a function of mass flux of the eruption. Note
that for all mass fluxes a second nucleation occurs. Parameters of these calculations are listed in Table 1.

tion, ( P g*P l), and hence nucleation rate increases
with the increase of decompression rate under higher
mass flux conditions.
A similar tendency is also observed for the bubbles
generated by the second nucleation (that we call bthe
second populationQ hereafter) except at very low mass
flux conditions, where the melt can be highly supersaturated at the time of the second nucleation due to
very low number of firstly nucleated bubbles (see Fig.
5a). Fig. 5b shows that the bubble overpressures
increase as the mass flux increases. This tendency is
particularly remarkable for the second population.
This is also explained by the greater decompression
rates at higher mass fluxes; the expansion of bubbles
is limited due to rapid decompression, which results in
the greater internal gas pressure.
Fig. 5c shows that both nucleation and fragmentation occur at shallower depths with increasing
mass flow rates. The amount of supersaturation

needed to nucleate bubbles depends on the initial
dissolved water content and surface tension.
Because we held both parameters constant, the
mean pressure reached at the first level of nucleation is the same for all mass fluxes. As mass flux
decreases, the mean pressure gradient dP m/dz
increases to balance the friction forces. The supersaturation pressure needed to trigger nucleation is
then reached at shallower depths in the conduit
when mass flow rate increases. The fragmentation
depth depends on both the nucleation depth and on
the expansion undergone by the nucleated bubbles
up to the level of fragmentation. There are two
competing effects as the mass flux increases: (1) the
nucleation height increases, which increases the
fragmentation height, and (2) the expansion of
bubble is prevented which decreases the fragmentation height. In the range of parameters studied here,
the first effect is dominant.
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3.3. Influence of the interfacial surface tension
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One of the most important parameters governing
the magnitude of nucleation is the surface tension
coefficient. In this section, we describe how this
parameter affects the occurrence of nucleation and the
magnitude of nucleation rate. As mentioned in Section
2.2, heterogeneous nucleation on crystals or microlites
can reduce efficiently the amount of supersaturation
needed to trigger nucleation. Unfortunately, precise
measures of surface tension coefficient are scarce
(Bagdassarov et al., 2000; Mangan et al., 2004).
Navon and Lyakhovsky (1998) show that wetting
angle strongly depends on the crystals; oxides have a
very good wetting, whereas feldspars have almost no
wetting. The wetting angle also depends on the
composition of melt; the wetting angle and hence
the effect of heterogeneous nucleation is thought to be
more important in rhyolite melt than dacite melt
(Mangan et al., 2004). In this study we take all of
these effects into account by varying the effective
surface tension from 0.02 N m1 to 0.08 N m1 (see
Section 2.2 for its definition).
Fig. 6a and b shows the magnitude of nucleation
rate versus the value of the surface tension coefficient
for the bubbles generated by the first nucleation and
those by the second nucleation, respectively. We recall
that the higher the surface tension, the greater must be
the supersaturation, and hence the initial pressure in
the nucleus, to counterbalance the surface tension
force. The nucleation rate is mostly controlled by the
exponential term in Eq. (10). The evolution of J with
respect to r is then controlled by the evolution of DF*
with respect to r. Calculating the derivative d(DF*)/
dr, one can find that the sign of this derivative
depends on the relative magnitude of two terms:
d(DP*)/dr and 3DP*/2r, with DP* = P g*P l. If
d(DP*)/dr b (3DP*)/2r then the nucleation rate
should decrease with surface tension. Roughly, this
is what is observed for the first population (Fig. 6a).
For r between 0.02 and 0.04 N m1, the decompression rate at the time of nucleation is almost
constant and the nucleation rate evolves as
J max ~ r 4 which is compatible with Toramaru
results (Toramaru, 1995) who found that Jmax~r4.5
in the bdiffusion controlled regimeQ. At other values of
r, the decompression rate at the time of nucleation
increases with surface tension and the relationship
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Fig. 6. (a) Maximum nucleation rate for the first nucleated
population of bubbles. We stop the calculations when the surface
tension reaches a value such that the magma does not fragment
anymore. (b) Maximum nucleation rate for the secondly nucleated
bubbles. The regime change occurring at r = 0.03 N m1 is due to
the fact that increasing the surface tension leads to nucleate at lower
ambient pressure. This in turn increases significantly the oversaturation. In all calculations, H = 5000 m, a = 50 m, l 0 = 5.8104
Pa s, x 0 = 4 wt.%, DP = 100 MPa, D = 1011 m2 s1. Mass fluxes are
between 2.6 107 kg s1 and 2 108 kg s1.

between r and J max deviates from the linear decompression of Toramaru (1995). At r = 0.08 N m1 the
flow is not fragmented, and the nucleation rate is
limited by the exit boundary condition.
For the second population (Fig. 6b) we observe a
different trend. Below r = 0.03 N m1 the nucleation
rate decreases with surface tension, then, at higher
surface tension coefficient, the nucleation rate
increases again. This is because, for high surface
tension coefficient, the secondly nucleated bubbles
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3.4. Influence of the fragmentation mechanisms
In the above calculations we adopt the fragmentation criterion based on the critical gas volume fraction
(i.e. Eq. (25)); however, some of the quantitative
features of our results also depend on applied
fragmentation criteria mentioned earlier in Section
2.4. We call,
! bPapale criterionQ when the strain rate exceeds a critical value ((Papale, 1999), Eq. (26)). Here we take
a critical value of the elastic modulus of 2.5 GPa.

! bZhang criterionQ when gas pressure inside bubbles is high enough for the tangential stress to
exceed the tensile strength of the magma ((Zhang,
1999), Eq. (27)). In this study, we take S = 4 MPa
(Romano et al., 1996).
Fig. 7a shows the pressure drop and Fig. 7b the
vesicularity on the last 1500 m of the conduit, near the
fragmentation level for the two fragmentation criteria,
for a magma with initial viscosity 5.9104 Pa s and
r = 0.06 N m1. The results show that the two criteria
(a)
45
40

MEAN PRESSURE (MPa)

appear at shallower depth and smaller pressure. At this
level, the decompression rate is large enough for the
term d(DP)/dr to dominate. Also we should note that
unlike the first nucleation event, the second nucleation
continuously increases until fragmentation (see Section
4.1), and is limited by the timing of fragmentation.
When the relative timing between second nucleation
and fragmentation are close, the second nucleation
stops due to the occurrence of fragmentation before its
rate increases. As the surface tension increases, the
gas volume fraction of the first population at the time
of the second nucleation decreases from e = 74% for
r = 0.02 N m1 to e = 45% for r = 0.075 N m1. In the
above calculations we tentatively adopt the fragmentation criterion based on the critical gas volume
fraction (i.e. Eq. (25)). Therefore, the smaller the
surface tension is, the closer the timing of fragmentation is to that of the second nucleation. This effect also
acts to increase the maximum rate of the second
nucleation with increasing surface tension.
After a value of r = 0.075 N m1, the magma does
not fragment anymore but flows out the conduit as a
lava dome. Experimentally, the surface tension value
is estimated to be close to 0.1 N m1 (Mangan and
Sisson, 2000; Bagdassarov et al., 2000; MourtadaBonnefoi and Laporte, 2004). Because a magma
containing 4 wt.% is likely to erupt explosively, we
infer that heterogeneous nucleation should be common in nature. We also conclude that the variation of
the degree of supersaturation due to the disequilibrium
gas exsolution may play a role in the transition of
eruption style from effusion one to explosion (Woods
and Koyaguchi, 1994; Jaupart, 1992); however, this
problem will not be considered further, because it is
beyond the main scope of this study.
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Fig. 7. (a) Evolution of mean pressure with height in the conduit for
the three criteria (full stroke: gas volume fraction criterion, large
dashed stroke: bZhang criterionQ, small dashed stroke: bPapale
criterionQ) and (b) Evolution of vesicularity with height. Note the
differences in fragmentation height and vesicularity at fragmentation. Parameters for this calculation are listed in Table 1.
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Fig. 8. Evolution of the vesicularity at fragmentation as a function
of the mass flow rate of the eruption for the two criteria defined in
the text. Note the opposite trends for bZhang criterionQ (full stroke)
and bPapale criterionQ (ddashed strokeT). Parameters for this
calculation are listed in Table 1.

are not equivalent and there is a significant difference in
terms of vesicularity at fragmentation. bZhang
criterionQ leads to lower vesicularity at fragmentation
than bPapale criterionQ. The build-up of critical overpressure occurs deep in the conduit, at high mean
pressure (see Fig. 7a). Fig. 8 shows how vesicularity at
fragmentation evolves with the fragmentation criterion
considered as a function of mass flux. In the case of
fragmentation only caused by the strain rate increase
(bPapale criterionQ), vesicularity decreases with mass
flux. Because of the initially higher velocity for higher
mass flux, the strain rate is then reached at lower gas
content than for low mass flux. The vesicularity
achieved at fragmentation is of order of 78% in that
case. On the other hand, in the case of bZhang
criterionQ, the fragmentation is caused by an overpressure of order of 2 MPa within the secondly
nucleated bubbles (see Fig. 4b). When the mass flux
increases, the nucleation of new bubbles happens
shallower in the conduit, therefore, the first population
of bubbles has more time to grow. In that case, the
vesicularity achieved at fragmentation increases with
mass flux and varies between 50% and 62.5%. We
recall that the model presented here is one-dimensional.
Vesicularity is then, an average value across the
conduit. It is likely that the vesicularity should also
depend on the radial position of the erupted material
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within the conduit. However, we believe that the
general trend for the evolution of vesicularity with
respect to mass flux should not be modified.
For magma with high viscosities, the ascent rates are
lower and hence the strain rates, such that the critical
strain rate for fragmentation might not be achieved. The
tensile stress failure (bZhang criterionQ) might then be
favored compared to bPapale criterionQ. The process of
fragmentation may affect significantly the vesicularity
and number bubble density measured in pumices.
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Fig. 9. (a) Evolution of dissolved water in the melt with decreasing
pressure (full stroke) compared to the equilibrium solubility curve
(dashed stroke). Note that near the fragmentation level the supersaturation increases again and triggers a secondary nucleation. (b)
When surface tension coefficient is greater, nucleation happens
shallower in the conduit at low ambient pressure and the btwo
nucleation eventsQ happen very close from each other on a short
vertical distance. Parameters used in this calculation are listed in
Table 1.
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4.1. The second nucleation
In this section, we discuss the reasons why the
second nucleation occurs. Fig. 9 shows the evolution
of the amount of dissolved water in the melt compared
to the saturation curve for two different values of
surface tension (r = 0.02 N m1 and r = 0.06 N m1).
At first the pressure decreases and the supersaturation
threshold is not reached, no bubbles nucleate and the
water concentration in the melt remains constant. The
nucleation is triggered when a sufficient amount of
supersaturation is reached (indicated in Fig. 9 by the
horizontal straight lines). After the first nucleation
event, water is advected toward the bubble and the
water concentration decreases in the melt such that
nucleation stops. Then, when the melt accelerates near
the fragmentation level, the decompression rate
increases and the degree of supersaturation continuously increases with decreasing pressure (see Fig. 10).
As pressure decreases, the solubility of water in the
melt decreases rapidly, which also contributes to an
increase the degree of supersaturation. These effects
lead to new bubbles nucleating (Fig. 9), which does
not stop until fragmentation criterion is reached. As
mentioned in the previous section, the magnitude of
this second nucleation peak is higher for higher surface
tension coefficient (see Fig. 6b). Indeed, a higher
surface tension leads to shallower nucleation depth.
Fig. 10 shows the decompression rate (Fig. 10a) and
the deviation from the equilibrium state represented,
respectively, by P sP l (Fig. 10b) and C mC i (Fig.
10c) as a function of height in the conduit. The
decompression rate increases by more than two orders
of magnitude near the fragmentation height. This large

decompression rate corresponds to an increase in oversaturation represented both by an increase in P sP l and
C mC i (see Fig. 10b and c). This effect was predicted
to occur by Navon and Lyakhovsky, 1998. They found
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Fig. 10. Evolution of (a) decompression rate as a function of height
in the conduit, (b) gas overpressure in the first population of
bubbles, (c) difference between dissolved water concentration in the
melt and at the liquid bubble interface in the last 2000 m of the
conduit. The arrow bfirst nucleationQ indicates the level where
nucleation rate becomes significant ( J N 105 m3 s1). Note that
both C mC i and P sP l increases as the decompression rate
decreases sharply near the fragmentation level. The fragmentation
level is also here just slightly above the level of secondary
nucleation so that the two levels are not distinguishable at this
scale. Note that the decompression rate has negative values so that
large negative values mean large decompression rate. Parameters
used in this calculation are listed in Table 1.
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4.2. Geological implications
In this section, we attempt to estimate size
distribution of bubbles at fragmentation. By calculating simultaneously bubble growth, nucleation, and
magma ascent, we can predict the evolution of the
mean radius for each bubble population as a function
of depth in the conduit. In our calculation only two
populations of bubbles are taken into account. For the
first nucleation event this approximation is almost
valid because the nucleation peak is roughly a Dirac d
function, because of advection of water toward the
newly nucleated bubbles. On the contrary, the second
nucleation event would be better explained by a
continuous nucleation event.
Fig. 11a represents the evolution of bubble radius
during ascent in one example. We use the gas volume
fraction fragmentation criterion in this calculation
because it falls between the two other criteria in terms
of vesicularity at fragmentation. We recall that we
initially average the radii of new and growing bubble
for each of the bubble populations. We note that the
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an oversaturation of 0.7 wt.% in volatiles in the upper
part of the conduit for a liquid film thickness of 100 Am,
and between 2 and 3 wt.% for a bubble separation of 1
mm when they apply a constant decompression rate of
3102 MPa s1. This order of magnitude is below the
decompression rate achieved at fragmentation in our
case. In the case shown in Fig. 10 the bubbles radii at
fragmentation are 519 Am and 76 Am and the number
density 5.1109 m3 and 1.25107 m3 for the first
and second population respectively. The mean radius
can be estimated as: R eq = ((M 0 1 R 13 +M 02 R 23 )/
(M 01+M 02))1/3 and is equal here to 519 Am with the
liquid film thickness being 571 Am. An oversaturation
of order of 2.4 wt.% is compatible with the estimation
of Navon and Lyakhovsky, 1998 given that the
decompression rate is greater by at least one order of
magnitude in this example. As was shown in Section 3,
some quantitative features such as the magnitude and
timing of the first and second nucleation events varies
as a function of geological parameters and magma
properties. The fact that the degree of supersaturation
increases in the shallower part of conduit is, however,
considered to be robust. It is suggested that the occurrence of the second nucleation would be common
under reasonable conditions of explosive eruptions.
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Fig. 11. (a) Evolution of bubble radius during ascent for the two
population of bubbles (full stroke: first population and dashed stroke:
second population). Note that the growth rate increases near
fragmentation due to both effects of high decompression rate and
high oversaturation. (b) Estimate of the size distribution at the
fragmentation level. Note the fine population corresponding to tiny
secondly nucleated bubbles. Parameters for this calculation are listed
in Table 1.

evolution of bubble radius at the beginning of ascent
follows the square root solution by (Navon et al.,
1998). At that stage, the pressure gradient is almost
linear and gas pressure follows closely the mean
pressure such that we are under the long times
experimental conditions of Navon et al. (1998). Then,
because both expansion and diffusion are promoted
by an increase in gas pressure and high ascent rate
near fragmentation (see Figs. 1 and 9), bubble growth
rate increases sharply until fragmentation occurs.
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As previously mentioned in Section 3.2, the final
bubble radii reached at fragmentation depends on the
ascent velocity. Under conditions of Section 3.2, for
instance, for a mass flux of 5.3105 kg s1 the mean
radii of the first and second populations of bubbles
have values of 519 Am and 76 Am. For a higher mass
flux of 1.26109 kg s1 the mean radii values are 120
Am and 6 Am for the firstly and secondly nucleated
bubbles, respectively. This clearly shows that bubble
growth is delayed more for faster ascent velocities.
These values can be considered as a lower bound
for bubble radii in pumices (considering the effect
of expansion after fragmentation, or coalescence),
but it is of the order of magnitude of measurements
made on natural pumices. For instance, Sparks and
Brazier (Sparks and Brazier, 1982) describe 3
populations centered on the respective values 1, 10
and 100 Am.

We now attempt to estimate bubble size distribution from our calculations. At each depth within the
conduit, we know the nucleation rate and hence how
many new bubbles are nucleated as well as the bubble
growth rate from Fig. 11a. From the nucleation radius,
we may hence infer a value of final size distribution at
fragmentation. Here we average new nucleated
bubbles over 5 m of conduit and calculate the final
radii of these populations. Fig. 11b shows the number
density of bubbles as a function of bubble radius
corresponding to the calculated growth rate of Fig.
11a. This plot shows two peaks around 1 Am and 150
Am. The fine population corresponding to late
nucleation event near the fragmentation level at large
decompression rate and the coarser population being
due to first nucleation and growth at depth in the
conduit. At first order, it reproduces the observed
multiple peaks measured in pumices by previous

(a)

(b)

(c)

(d)

Fig. 12. Profiles showing the evolution of the main variables along the conduit height for different surface tension coefficients varying from
r = 0.02 N m1 to r = 0.1 N m1. For r = 0.11 N m1 the magma is not fragmented. See Table 2 for calculation parameters. The fragmentation
occurs deeper in the conduit for low surface tension coefficients decreasing from r = 0.02 N m1 to r = 0.1 N m1. On Plot (c), the grey area
defines the compressible section.
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authors (Sparks and Brazier, 1982; Klug et al., 2002;
Whitam and Sparks, 1986, e.g.). These peaks, mostly
at 10, 100 or 1000 Am are interpreted whether due to
coalescence or multiple nucleation. Here we show that
multiple nucleation events during ascent is a possible
explanation to account for the observed multiple
peaks in bubble radii measurements. A possible
explanation for not observing a 1 Am population in
recent measurements (Klug et al., 2002; Whitam and
Sparks, 1986) could be that these overpressured
bubbles are involved in the process fragmentation.
Obviously, this prediction is not intended to
reproduce field measurements exactly, but, it does
provide an estimation of size distribution that can be
tested against field data. This first attempt is, of course,
incomplete because coalescence and expansion after
fragmentation are not taken into account, but we find
that to a first order it reproduces observed data.
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Appendix A
5. Conclusions
A.1. Workshop test case

! The nucleation rate may increase near fragmentation level, due to high decompression rate leading
to supersaturation of the melt. As a result bubbles
nucleate more than once in a volcanic conduit.
! Fragmentation height is roughly 1000 m shallower
under non-equilibrium degassing than by considering equilibrium exsolution. Therefore, accurate
predictions on fragmentation height should consider non-equilibrium degassing.
! Vesicularity at fragmentation is strongly dependent
on the fragmentation process.
! The late nucleation of gas bubbles high in the
conduit may trigger fragmentation. Indeed, the
secondly nucleated bubbles have high internal
pressures and, because of the large gas volume
fraction due to the first population of bubbles, the
velocity is high enough that the brittle transition
can be achieved.
! Our model presents a first order estimate of bubble
sizes at fragmentation, which can be compared
with field data.

We perform calculations according to the defined
protocol in Durham in November 2002 using the model
described in the previous section. For this set of
calculations, we vary the diffusivity coefficient as a
60

50

MEAN PRESSURE (MPa)

Coupling the dynamics of magma ascent and the
microscopic process of nucleation and growth of gas
bubbles has several important implications for eruption dynamics.
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Fig. 13. Pressure profiles showing the evolution of the mean pressure
for the three fragmentation criteria in the last 2000 m of the conduit
(full stroke: gas volume fraction criterion, large dashed stroke:
bZhang criterionQ, small dashed stroke: bPapale criterionQ). Parameters used for calculation are in Table 2. Note that again, fragmentation occurs at a greater pressure in the case of bZhang criterionQ.
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Table 2
Table of input parameters corresponding to the protocol calculations
Figure number Q (kg s1) r (N m1) Fragmentation criterion
5.9106
5.7106
6.9106
9106
1.2107
1.6107
1.2107
7.5106

12
12, 13
12
–
–
–
13
–

0.02
0.06
0.07
0.08
0.09
0.1
0.06
0.06

bPapale criterionQ
bPapale criterionQ
bPapale criterionQ
bPapale criterionQ
bPapale criterionQ
bPapale criterionQ
bZhang criterionQ
b75% gvf criterionQ

In all calculations, x 0 = 5 wt.%, a = 25 m, H = 8000 m, l 0 = 2.57 104
Pa s, DP = 10 MPa.

function of the dissolved water water content in the
melt (C m) applying the diffusivity model of Zhang
(Zhang and Behrens, 2000). The magma of rhyolitic
composition contains 5 wt.% of dissolved H2O and
flows through a cylindrical conduit of 25 m radius and
8000 m height. The pressure at the bottom of the
conduit is 200 MPa. The major parameter influencing
the nucleation rate is r, the surface tension coefficient.
Fig. 12 show the pressure profile (a), nucleation rate
profile (b), Fragmentation and nucleation depth (c) and
gas volume fraction profile (d) for different surface
tension coefficients from r = 0.02 N m1 to r = 0.1 N
m1. For all these calculations, the mass fluxes values
are respectively between Q = 5.9106 kg s1 and
Q = 1.6107 kg s 1. The viscosities reached at
fragmentation are between 1.5107 Pa s and 2.3106
Pa s respectively between r = 0.02 N m1 and r = 0.1 N
m1. For r = 0.11 N m1 the fragmentation did not
occur and the bubbly section flowed out the vent. As
previously shown, the fragmentation occurs much

higher in the conduit than in the equilibrium case. At
most the fragmentation depth is 1105 m below the
surface, as shown in Fig. 12c. Because the nucleation
rate depends highly on surface tension, the greater the
surface tension the more difficult it is to nucleate
bubbles and hence, the nucleation happens shallower in
the conduit for higher surface tension coefficient (see
Fig. 12a, b, c and d). Fig. 13 shows the pressure profiles
for the three fragmentation criteria mostly used at
present and described previously. For the three criteria,
fragmentation depth is shallower than in the equilibrium case (Tables 2 and 3).
A.2. The different pressures
In this section, we want to compare the different
pressures used in different two-phase flow formulations. The stress tensor has to be equivalent in the
magma when using one or the other formulation. We
call P 1/ the stress tensor used when the magma is
considered as a compressible equivalent mixture
(Prud’homme and Bird, 1978), and P 2/ in the twophase flow formulation. For simplicity, we ignore the
effect of surface tension in this appendix. The only
components that change are the diagonal terms in the
stress tensor. For the one phase mixture:
Bw
;
Bz

ðA:1Þ

Bw
Bw
 2l
:
Bz
Bz

ðA:2Þ

P1/ rr ¼ P1/ hh ¼ Pg  k
and
P1/ zz ¼ Pg  k

Table 3
Table of results corresponding to the protocol calculations
r = 0.02 (pc) r = 0.06 (pc) r = 0.07 (pc) r = 0.08 (pc) r = 0.09 (pc) r = 0.1 (pc) r = 0.06 (zc) r = 0.06 (gvf)

Variable
1

w(0) (m s )
w(H) (m s1)
Q (kg s1)
Fragmentation ves. (%)
Exit ves. (%)
M 01 (m3)
M 02 (m3)
R 1 (Am)
R 2 (Am)
Fragmentation depth (m)

1.3
109
5.9106
73.4
98.9
6.31011
2.21011
103
26.2
1105

1.2
85.3
5.7106
82.6
98.6
1.61010
0
432
–
327

1.5
74.1
6.9106
84.4
98.1
1.11010
0
488
–
179

1.9
68.7
9106
84.2
97.3
8.9109
0.2
527
37.3
81

2.6
55.1
1.2107
84.1
95.4
6.9109
1.7104
567
37.4
28

3.3
39.5
1.6107
82
91.7
4109
107
661
48.7
7

2.5
123
1.2107
49.4
98
4.71010
0
170
–
872

1.6
107
7.5106
75
98.6
2.41010
0
311
–
471

In all calculations, x 0 = 5 wt.%, a = 25 m, H = 8000 m, l 0 = 2.57 104 Pa s, DP = 10 MPa, pc means bPapale fragmentation criterionQ, zc means
bZhang fragmentation criterionQ and gvf means bGas volume fraction fragmentation criterionQ. Radii R 1 and R 2 are the mean radii of the two
populations at the fragmentation level.
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For the two-phase mixture:
P2/ rr ¼ P2/ hh ¼ ð1  eÞPl þ ePg ;

ðA:3Þ

and
P2/ zz ¼ ð1  eÞPl þ ePg  2l

Bw
:
Bz

ðA:4Þ

Equating the dynamic pressures (which is the third
of the trace of the tensor), we obtain an expression for
the second viscosity coefficient in the one phase
formulation as a function of the mean pressure and of
the gas pressure:
k¼

Pg  Pm
:
jd Y
v

ðA:5Þ

We can also express the liquid pressure in terms of
the bulk viscosity coefficient, K,
Pl ¼ Pg  ð K  2=3lÞ

jd Y
v
;
1e

ðA:6Þ

with
K ¼ k þ 2=3l;
where in our case, jd Y
v ¼

ðA:7Þ
dw
dz .
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